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ABSTRACT 


A problem*’of partitioning a given graph into a minimal 
number of subgraphs subject to edge and node constraints is 
considered. Two parameters associated with the subgraph, 
one corresponding to the maximum number of nodes and the 
GConer to the maximum number ofr external edges, define a 
feasible partition element. 

Complete graphs, complete bipartite graphs, and two 
families of infinite graphs are considered, and relations 
between the parameters are used to obtain the results. For 
the infinite graphs, the problem is somewhat different. A 
targest feasible partition element is found and can be used 
in determining the minimal number of feasible elements in 


a finite graph with the same structure as the infinite one. 
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Leet TRObUCTiION 


ie teidsot —eomMouver desten has produced many problems 
which can be solved by means of graph theory or combina- 
torial analysis. mone Such problen 1sethe partition problem 
as defined by Kodres [1], where two numbers are associated 
with a circuit element corresponding to the number of 
external connections and the amount of space the element 
requires. 

The problem is taken here and defined with the nodes of 
a graph corresponding to the space requirement and particu- 
lar edges corresponding to the external connections. The 
graph is then partitioned so that these two quantities do 
not exceed specified limits, and the problem is to minimize 
the number of partition elements. 

Other authors have studied variations of this particular 
problem. Luccio and Sami [2] have considered the problem 
of decomposing a network into a number of subnetworks such 
that the number of interconnections among them is minimal 
under specified conditions. They have presented and proved 
a number of different properties of minimal groups and 
based on these, they have developed a procedure to determine 
all the minimal groups of a given network. 

Lawler, Levitt, and Turner [3] have considered the 
problem of determining a partitioning that will result in a 


network where maximum delay is minimized throughout the 


network. They have assumed that delays occur in external 
Semnecurons, waereas no delays eecur in the internal 
Connect LOns , 

After the basic terms are defined and the problem is 
Specitically formulated in Section LI, complete graphs are 
studied in Sections III and IV. Complete bipartite graphs 
are taken up in Section V. Two cases of infinite graphs 
are studied in Sections VI and VII, both being regular of 
degree four, but one will be in two dimensions and the 


other in one dimension. 


II. DEFINITIONS AND FORMULATION OF THE PROBLEM 


In order to give precise meaning to some fundamental 
concepts, we first introduce the idea of an unordered 
peoduct of a set with itself as “developed by seeeere: and 
Saaty [4]. The symbol (s & t) will note the unordered 
product of a pair of elements from some set S, and the 
eetlection of all such pairs will be denoted by S & &. 
ims Will be called the»unordered product of a set S with 
itself. Hence, if se S and te S, the symbols (s & t) and 
(t & s) denote the same thing. | 

We can now define a graph as follows: A graph consists 
Orewa nonempty set V, a set E disjoint from V, and a mapping 
meot E into V & V. The elements of V ees cal ledenodes. the 
“ements Of HE are called edges; and the mapping ® is called 
tie incidence mapping associated with the graph. The graph 
will be denoted by G(V,E) or simply G. 

If ee E such that $(e) = (v & w) where ve V and weV, 
then the edge e is said to be incident with.each of the 
Meees, and v and w are called the end points of e. if 
d(e) = (v & w) where v = w, then e is called a loop. If 
o(e,) = (v & w) and o(e,) = (v & w), then e, and e, are 
Called parallel edges. We will be concerned here only with 
Those graphs that have no loops and no parallel edges. 

A finite sequence of not necessarily distinct edges 
such that one end point of the first edge is also an end 


point of the second, the remaining end point of the second 


Precio cna point Of the third, evc., is called an edge 
Maeemeccion. The edge progression is said. to be closed if 
the "free" end point of the first edge is the same node as 
me “free” end point of the last edge. A circuit progres-— 
meters a closed edge progression having no repeated edges. 
A circuit is a set of edges which, if properly ordered, 
Mees a Circuio pmogression. Ihe order of a circuit is 
defined to be the number of edges in a circuit. 

With these ideas in mind, we can now move toward defin- 


mae tne partitioning problem. 


Peapinitveon 1. iif Gals a graph with a set of nodes,V, then 
a family of nonempty subsets of V, {v,} ifcel lc called sa 
eee i Lionewot G ifs 

i) Viel a as 


a.) Via, = > for i # j. 


Any such subset V5 will be called a partition element. The 


indexing set I may be finite or infinite. 


Definition 2. If Vv. is a subset of V and e an edge with 
end points v and w, then e is said to be ee ernal edge 
pt veV, and we V-V,. ie Msvenelal ve V; and we V;; then e is 
said to be an internal or buried edge. 

An external edge is said to be an external edge of a 
marvition element if one of its end points is a member of 
that particular partition element. Thus, the term "number 
of external edges of a partition element" takes on meaning 


ema fives rise to the following definition. 


DeMimyrewmes. 2 partition ellement 1s said to be edge 
feasible if it has a number of external edges which is less 


than or equal to some given integer s. The integer s is 
eaeled the edge feasibility constant. 


Definition 4. A partition element is said to be node 
feasible if it contains a number of nodes which is less 


than or equal to some given integer z. The integer z is 
@ewled the node feasibility constant. 


Definition 5. A partition element is said to be feasible 
7’? it is both node feasible and edge feasible. A partition 
of G is said to be feasible if every partition element is 
Boasible, 

The general problem can now be stated for both finite 
ang infinite graphs. For finite graphs, the problem is 
to find a partitioning with the minimum number of feasible 
partition elements. For infinite graphs, the problem is 
to determine the largest feasible partition elements. In 
general, both the finite and infinite partitioning problems 
present great difficulties because the structure of a graph 
with N nodes and M edges determines the number of partition 
elements. If the structure is regular, then there is a 
possibility of finding some relationship between the number 
Of nodes and the number of external edges in a partition 
element. In these cases, some concise method for solving 
the problem may exist. The next sections will present some 


of these cases. 


or > * 
Sara 2. tllea alas 
Es £ eye PA i. 


Before going on, a remark is needed to clarify some of 
eae Meenods Used. “since we will use only integer values, 
equations will be solved and answers changed to integers 
using the following symbols: [x] will be used to represent 
"Che greatest integer less than or equal to x," and {x} 
will be used to represent "the smemnlecte integer greater than 


or equal to x." 
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III. COMPLETE GRAPHS 


In this section complete graphs will be studied since 
they offer a regular structure and a straight-forward 
peproacnh to a solution. We begin by defining complete 
graphs as follows: A graph Gy (V,E) is a complete graph 
of N nodes if every pair of distinct nodes is connected by 
an edge. Therefore, let G,, be a complete graph of N nodes. 


N 


Let {V, J j= 52,...Kk be @ feasible partition of G and 


N? 
let s and z be the two constants of feasibility. The 
problem in this case is to determine the minimum number of 
Partition elements, that is, a minimum K. 

One method of approach is to find a partition in 
techn every partition element is node feasible and then 
em@eck if it is also edge feasible. If it is, then the 
meoblem is essentially solved. If it is not, then some 
other node feasible partition must be found. Of course, 
not every feasible partition will be a solution, since we 
are looking for the one with a minimum number of partition 
Swements. 

iomestabiicn Some motivation for choosing a particular 
partitioning, notice that if a partition element in a com- 
plete graph contains x nodes, then it has x(N-x) external 
edges. This is an increasing function of x up to x = N. 
Since the number of external edges of a partition element 
must be kept under a specified limit, the number of nodes 


in a partition element should be as large as possible. But 


ua 


i 


Pie alse wnplres tGnat the number of buried edges is as 
ierse as possible. since 4f a partaeHfon element has®x nodes, 
it has 4 x(x-1) buried edges, which is also an increasing 
function of x. This observation leads to the following 


eerinivion. 


Definition 6. An optimal partitioning of G is one in which 
K 

every partition element is node feasible and 2 y(V,) is 
i=] 

maximum, where 1Aae, is the number of buried edges in the 


Bamrition element Va. 


Lemma 1. Let {V,} i = 1,2,...,K be a partition of a complete 


graph G Winevenecvery sparyws b1oMm elemenpe 1s mode feasible. 


N°? 
If z is the given node feasibility constant, then an optimal 


partitioning of G,, is one in which every partition element 


N 
contains z nodes except possibly one. 
Proof: Assume there exists at least two partition 
elements which do not contain z nodes. Let one of them 
contain f nodes and the other g nodes where f<@g@<Z. 
If this partitioning is optimal, then the number of 
buried edges in the partition element with f nodes plus 
the number of buried edges in the partition element 
with g nodes is not less than the number of buried 
edges in some conceivable partition elements with z 
BG NOodeag. Whereas =p fy and re= f=—y, with y >0. 
Thus, *f(f-1) +%e(g-1) >%z(z-1) +4r(r-1). After 
PuOStapveonete fore and rand solving, the following 


LS Oloaeeay exes y* eo Ly oom Ince yy 205 y +e - i < 0. 
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SUomminetorey eives (Z-e)ap-1 <0, or z-f<0. But 

Z—-fe> Oye cesmmptciens thus, a contradiction arises® and 

WemiavcudcmancOonc WsHom N= p-ztr, where 0 < r <Z-1, 

and p is some integer. 

We now have obtained a way to Partareon Gy such that 
every partition element is node Pe ey The following 


theorem provides a way of checking the edge feasibility 


Gre verion@anmd thus, solves the problem. 


Theorem 1. Let Gy be a complete graph of N nodes, and let 
%Z and s be the node feasibility and the edge feasibility 
constants respectively. The minimal number of feasible par- 


tition elements ee 1 = 1,2,...,K is given by 


K = max ({N/z}, {N/w}) where 
w= [1/2(N Sao = lel 


Proof: Let iv, } i 


cae she Der ene Oplimal partition— 


ing of G Then N 


N° Deceiee eweonrcn Ons) F< eZ eand 

p is some integer. If every partition element is edge 
pecsible, then 2z(N=z) < s and r(N=r) < s. if r = 0, 
then N = pez, hence p = N/z. If r # 0, then p = [N/z]. 
In the fPfirst case K = N/z; in the second case K= [N/z] +1 
or K = {N/z}. 

If the node feasible PAE Caloneelonents are not edge 
feasible, then let w be an integer such that w<z, and 
wis the largest integer such ee w(N-w) < s. Solving 


the Smeqwakity for w gives w < 4N - INNE—Hs Since w is 


to be the largest integer for which w(N-w) < s, 


i 


w = [35N - LANG Hs]. if oP seme wecensidered as a new 

MNCUe 1 Casto liaty pCoMoGoM@emmcnietG no = parry LLLoned optimal ly, 
then N = q°wtr,, Wiheme Oy i < w-l, and q is some 
integer. From the first part of the proof, K = {N/w}. 

As an example, suppose G is a complete graph of 462 nodes 


and let z2 = 32 and s 


OOOO setiincomeiy 2} .= {42/32 } = 


462/([3s(462) - %4(462)¢ -4(10000))] = 


fe} = 21, Thus K =.21. 


(14 a) Se et Nan 
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IV. GARGEST COMPLETE GRAPH 


Turning aside from the main theme of the last section, 
we note a related problem which is stated as follows: Let 


Gy be a complete graph of N nodes. Let Zz and s be the node 


feasibility constant and edge feasibility constant respec- 


mayely, If Gy is partitioned optimally, what is the maximum 


mumber of nodes N that G,, may contain such that the edge 


N 

fmeasibllity criterion is satisfied? 

ihe Gy 1S) Dole lone mob naive une nalia—= p<“ zed sawhere 
=- 


1, and p is some integer. Since Gy is complete, 


is LN(N-1). The total number 


ee r < 
the total number of edges in Gy 
buried edges is eee) + 344r(r-1), and the total number of 
external edges is %(ps + r(N-r)) if the number of external 
edges of a partition.element is s when it contains z nodes. 
Thus, %4N(N-1) = 4pz(z-1) + 4r(r-1) + %ps + %r(N-r). Thus 
AN(N-1) = 4pz(z-1) + ur(r-1) + bps + &r(N-r). Substituting 


(N-pz) for r and solving for N gives N= z+ s/z. Since N 


must be an integer, N = [z + s/z]. 


BES 


oe 


V. COMPLETE BIPARTITE GRAPHS 


We now return to another family of graphs and consider 
the general problem. Even though an algorithm will be given 
wor obtain a solution, there will be no proof that the 
solution obtained will have the minimum number of feasible 
partition elements. The problem here is that some assump- 
tions will be made on the construction of an optimal parti- 
tioning, and although som= arguments will be presented to 
Substantiate the assumptions, these arguments will not 
eenstitute a proof. 

We begin by defining the class of graphs which will be 
eevdiedg, A eraph is said to be bipartite if its nodes can 
be partitioned into two disjoint sets A, and A, such that 
every edge has one end point in A, and the other end point 
in Ay. Jao cdia hte rap SesalG vo De a complete Dijgamtd te 
graph if every node in A, is connected to every node in Ay. 
Let Gu wiVeE) be a complete bipartite graph with M nodes in 
pme section and N nodes in the other with M< N. Let 
a} i = 1,2,...,K be a feasible partitioning of Gu N with 
given feasibility constants z and s. The problem, once 
again, is to obtain the feasible partitioning with the mini- 
mum number of feasible partition elements. 

We assume here that if OM ON iSmMvccuiuone ca OpLlmal Ly, 
@ien M + N= q:z + r where 0 < r < z-1 and q is some integer. 


Consider now a partition element with z nodes, and divide 
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it into two sections, one with t nodes and one with (z-t) 


nodes. Assume now that t/M = (z-t)/N. This gives a value 


or tC as t = z Sinee this quotient is not in general an 


integer, we assume the partition ihemconsurucved as follows: 


M a, [t] + att } + 7 


1 


N 


a, (z-[t]) it a,(z-{t}) + Ty 


mere O < r, +r, < @l and a eee ve rerS 


al 2 le 
To give an argument to justify that this partitioning 
is optimal, first observe that adding the two expressions 
fae five MIN = g°Z + r, which is the assumed structure 
fieewan Optimal partitioning. Notice, too, that a function 
giving the number of external edges for a partition element 
is t(N-(z-t)) + (z-t)(M-t). (We are working here with a 
meat value of tC, but once a solution is found, we will 
change the result to an integer value.) Let z be fixed for 
the moment and call this function f(t). Collecting terms 


2 


will give f(t) = at” - (2z+M-N)t + Mz. If df/dt = 0, then 


t = &(2z+M-N). Let t= max (4,(2Z+M-N) ,45) and let 


M 


B,[t,1 + B5{t,) 


N 


B, Cz - [t]) ate B.(z - UO lhe 
where By and Bo need not be integers. 


It is required that both BS and B. be nonnegative. If 
solving for BS and B in the above system gives at least 


ome Of them a negative value, we let ty = Ve el aare 


17 





solve M = B,{t,} + B,t{t,} 


N 


B, (2 - [t,]) 1: B.(z- {t,}). 


This process is repeated until both coefficients are non- 
negative, say on the es step. This allows the following 


observation to be made: 


[t,] = Fade (ag R= toate 


As an example, suppose Gio 25 is given with a node 
3 


feasibility constant of 6. Solving for t = %(2z2 + M - N) 


gives t = -3/4 and t, = max (-3/4, 1/2) = 1/2. 


10 = B,°0 4 B5°1 


25 B,°6 + B.°5 


Solving gives 8, = -25/6, oe 102 EEL t= K+, 
10 = B,°1 + By'2 


25 = B15 + Bysd 


This gives B4 = 5/3, B 5 =e ay CO Gale@e tite 
_ Ale 2 
a aN 6°10/35 NT ee abate 


[t,] = [15/7] = 1 and {t,} = {1 5/7} = 2. 


Looking at the partitioning problem from another point 
of view gives the following ‘-rgument. Since we are trying to 
misure Optimality, we would like to find the node feasible 
partition which gives the largest number of buried edges. In 
a partition element of z nodes, the number of buried edges is 


met). ) fhtis is maximum at t = z/2. Hence let 
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M 


¥,°2/2 + Yr, 


N 


li 


e pe e ! 
Vy zZ/o+ (z ry) + c,+2 + ri. 


If 42 is not an integer, use 


M = Vz ° (272) + ry 
= e = e ' 
N = vy {2/2} + (2 r,) Pea 2s + i). 
Calculate the number of internal edges. If to =z 72i. Lev 
ty = [{z/2] - 1 and consider 
M= yolt,] + rs 
= ae = ’ 
N Yo(z [t,]) + (Z Py) + Coz + Py. 


Calculate the number of internal edges. Repeat these steps 
until the number of internal edges is maximum, and again 


d - ZM 
notice Be oA occurs when [t;] = | 


Looking at the example of G Z = 6 again. Let 


10,25 
C, = [2/2] = 3. Then 
iO = 3°93 4 1 
25 = 3*3 + 1°(5) + 1°6 + 1°5 


The total number of buried edges is 
(jas mle. 5) et Ota 0) = 32 


Now let ty 


Cnet 


10 


BD et 0) 


2D eo ett Ot 


The total number of buried edges is 


5(2°4) + 0+ 0+ 0 = 4o. 


19 


The next step has to be modified since 
mie 10> =" (01) then y = 10, so thet 


25 = Wee 6-1) 2625. 


So we let 10 1°11 + 4°2 + 1 


1°5 + 4eh + 4 


aS 


which gives 41 buried edges. Notice that 


q ZM | Za 
a are aoe es Fane 


With these heuristic arguments in mind, we can now assert 


mee an Optimal partition of G is given by 


M,N 


M 


a, [¢ 1 a, {t} ee 


N 


a, (2- [t]) + a, (z-{t }) +r, where 


t = zZM/M4+N, O < r, + Py 1? 


Yo find the integers oT and O5 » fagesy. eit 


Se), oC Oo ect NLeRers 


2 


me Mz ue Mz, 
ie Sir | 2 ee MN 7 | aa | and solve 
M= a, (t-f) “F a, (t+1-f) 
N = a, (v-t+f) + a, (v-t-1+f) 
: : _ M+N 2 M+N : 
This gives a, = le ra » ay = oe . Since a, and a, 


to be integers, we find them by the following rules. De 
and a, are both less than an integer plus one half (one of 
them may equal one half), then use [a] and [a.]. Ig es avey (oht 
them is less than an integer plus one half and the other is 
Ppecaver than an integer plus one half, then the smallest is 


meauced tO the greatest integer less than or equal to it, 


and the larger is increased to the smallest integer greater 


20 


than Or e@u@ume Lo it. This rule holds provided the resulting 


sum is less than or equal To a . If the sum is greater 
than “*" then both a, and a, are reduced to [a,] and [a5]. 


If both are greater than an integer plus one half, then Oy 


becomes [a,] and om becomes {a5}. 


Bor example. 1 thewprev@ous Case Lt 


Be Sa 25/7 [5 


a, = 1 2/3, a, = 41/6. Since se = 5 5/6, 


1 2 


a, +a, < 5 5/6. Hence if a. were increased to 2 and om 


1 
reduced to 4, this would give a value greater than 5 5/6. 


Therefore a, = 1, aoe 4, and the remainders r, and r, pick 


al 


up the remaining nodes. 
To solve the problem of obtaining a minimal number of 
feasible partition elements K, we must consider the optimal 


Merritioning structure of Gy Let M = a,[t] + a {t tale 


JN’ 1 


N = a, (z-[t] ) + a, (z-{t}) + Yo; 


where a, and a, are integers andO <r, t+r,<e-l. 


As previously obtained, the number of external edges is 


given by f(t) = 2t° - (2z+M-N)t + 2M. Since f({t]) < f({t}) 


for 0 < t < 2/2, we need only consider f({t}) to check edge 


feasibility as long as a, is greater than zero. If a5 


equals zero, then the procedure is the same except f([t}) 
is used instead of f({t}). 

If PCy &£ s, K = {MEN} Hemmench oes Ss .-bhen let 
Zs = Z-l. Solve for a new optimal partitioning structure 


Mz 


on G This will give ty = wn 


M.N°* and 
>) 


el 


M 


1 
a,[t,] taljit, } + ry 


_— ! 
Ne = a, (z-[t,]) + a (z-{t,}) + Ps, where the a's 
may be different. If f({t,}) < s, then 


_ {MIN 
K = kena ee f({t,}) aS let 


Z, ZS onGer Om Enmoulenalhe procedure again. This 


Pies 
mroeeess 1S continued until the edge feasibility criterion 


is satisfied. 


ae 


VI. REGULAR GRAPHS OF DEGREE FOUR IN TWO DIMENSIONS 


Mie = rapocmnm tits Section wilt be infinite, and there— 
ogee tnc Proumemevyti=be to determine the largest feasible 
partition element. Let G(V,E) be an infinite regular graph 
of degree four as pictured in Figure l. 


Figure 1. An infinite regular graph of degree four. 


Let a subset of V contain x nodes. It is required to 
mma the structure of such a subset so that the number of 
buried edges is maximum. Because of the structure of G, a 
partition element of x nodes will contain more circuits if 
the nodes are "close together" instead of "spread out." 

For example, if x = 13, then the graph in Figure 2 contains 


ereore Circuits than that in Figure 3. 


tt eet 


Figure 2. A partition element Figure 3. A partition element 
of 13 nodes which are which is "spread out." 
close together." 


Pence +t contains more circuits, it contains more buried 


edges. 
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Therefore, to obtain a largest feasible partition ele- 
ment given it is edge feasible with given constant s, we 
Miioby t1FSt find @ function Of 2 whieh gives a value of s 


Meine the above construction. 


Lemma 2. If the value of z is a perfect square, then the 


moiuesof s is piven by s = 4 vz. 


Proof. If zis a perfect square, then the partition 
element has YZ rows containing Yz nodes, because of the 
optimal structure assumed for a partition element. 

This implies that the number of external edges on one 


side of the element is Yz. Since there are four sides, 


s = yz. 
Lemma 3. If [v¥z]° < 2 < % ([vzl° + ([vz]+1)°), then the 


Mmelue of s is given by s = [vz] + 2. 


Proof: If a perfect square z has 4vz external edges, 
then adding one node puts z within the hypothesis of 
this lemma. One of the external edges becomes a 
Douritecds edge =and) tnree new external edges are added, 
en els = Vo) obec ee it another mode is 
added and the hypothesis is still satisfied, then two 
external edges become internal edges and two new 
internal edges are added. s = 4[V¥z] + 2-2 + 2 = 
4{¥z] + 2. This is repeated until 

Z = &([/z)° + ([Vz] + ye) ~ &, which will give [/Yz] 
rows of [/z] + 1 nodes in each row. 


s = 2({vz]) + 2 ([Vz] + 1) = 4[Vvz] + 2. 


au 


Meee Te G([vzl- + Cfy¥2) + 1)°) < 2 < ([v2) + 1)°, 


then s = 4[vz) + 4. 


Proof: Starting with the last result and adding a 
node gives a value of Z within the hypothesis in this 
Jemma. This gives three new external edges while 
making an internal edge out of one of the old external 
edges. s = 4[V¥z) + 2 - 1 + 3 = 4[{V¥z) + 4. Adding 
another node makes two internal edges out of two 
external edges and adds two new external edges. 

s= h{[¥z} + 4 -2+ 2s 4f{v¥z]) + 4. This is continued 
until z is again a perfect square and lemma 1 is 


applied. 


Lemma 5. The value of s is always even. 


Mee =e eye) 
2 2(2[{VYz) + 1). 


Proof: . From lemma 2, s 
From lemma 3, s = 4[vz) 


=f. 


From lemma 4, s = 4[V¥z] + 4 = 2(2[Vz] + 2). 


Theorem 2. If s is the given edge feasibility constant, 


then the maximum number of nodes per partition is 


Z = 6 s*]. 

---Proof: By lemma 5, the number of external edges is 
Sven for ali z, thus if s is odd, reduce it to the 
next lower integer which is even. If s = 0 mod 4, then 
the maximum number of nodes in a subset will be arranged 
in a perfect square structure with %s external edges on 
a side. Thus, there are %s rows of %S nodes per row in 
the partition element. This implies z = (%s)(%s) = 


P/16s* = 1/16s°. If s = 2 mod 4, then the maximum 
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number of nodes in a subset will be arranged in a 

rectangular structure with %(%s-1) rows of %(%s+t1) 

nodes per row. This implies that 

2 = (%) (es-1)(%) Cxs41) = 1/16+s* -% =[1/16-54} 

This largest partition element can now be used to solve 
a problem where a finite graph has an internal structure 
like the one of Prem tiniee graph just studied. If z and 
Ss are the pivemmieasibility constants, a largest partition 
ict taltia mic wt ©Umd On COUrPSC sas peLLer SOlmrELOn May be 
BOossible since the finite graph is different in its structure. 

For lee let G be as shown in Figure 4, with given 
constants z = 6, s = 8. By Theorem 2, the maximum z = 4, 
and in this case z = 4 limits the size of the partition 
elements. Therefore, the minimum i:umber of feasible parti- 
mron Clements is K = {oo/u} =e el eae ea SCCh het Pic 
4a, However, in Figure 4b with K = 4, the feasibility 
Penstants are still satisfied. 


Figure 4. A finite graph of 20 : se 


nodes with internal structure BG. 
Similar to the infinite graph 
in Figure 1. 


| 
Figure 4a. The graph in Figure 4 bp 


partitioned with K = 5, ~ a& sien al 


Figure 4b. The graph of Figure 4 


partitioned with K = 4. Pa art? 
ge ray 
ee 
aveeral 
; o 
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VII. REGULAR GRAPHS OF DEGREE FOUR IN ONE DIMENSION 


Let G be a regular graph of degree four such that it has 


circuits of order three as pictured in Figure 5. 





Figure 5. Regular graph of degree four 
and circuits of order three. 


Here the largest value of s will be 6 no matter how many 
nodes are put in a partition element. 

In general, let G be a regular graph of degree four 
meer a Ssorlebure as in Figure 5, but with circuits of min- 
imal order c. The problem in this case is to determine the 
Meximum value of s as a function of the circuit order. If 
a partition element is as large as possible such that it 
contains no circuits, it will have (c-1) nodes. The total 
number of edges associated with this partition element is 
4(ce-1) - ((ce-1)-1), and the number of internal edges is 
(e-1)-1. This gives as the number of external edges 2c. 

If we add x nodes to this partition element, the total num- 
ber of edges is 4(c-1+x) - ((c-1)-1+ 3x), and the number of 
internal edges is ((c-1)-l+x), still giving 2c external 

meeecs. Thus, if the circuit order is c, then maximum s = 2c. 
If z, a node feasibility constant is given, then s = 22 + 2 


mmenoe = C-l, After this point s is constant at 2c. 


oul , 


Vilie CONGiuSTON 


There has been no attempt here to reach conclusions or 
to form hypotheses concerning graphs in general. Although 
this study is limited to complete graphs, complete bipartite 
graphs, and two cases of infinite graphs, many other classes 
of graphs exist where the partitioning problem may be solved. 

some general statements can be made concerning these 
cases. If the node feasibility constant is large compared 
to the edge feasibility constant, then the minimum number of 
feasible partition elements will be a function of the edge 
feasibility constant. On the other hand, the node feasi- 
bility constant will determine the minimum number of 
partition elements if it is small com, ared to the edge 
feasibility constant. When comparing the two constants, 
the relation between them must be considered as a function 
@eecvhe structure of the particular graph. 

If the edges of a graph are arranged such that they 
form a regular structure and are high in density compared 
to the nodes, then a greater number of them can be buried 
within the partition elements. 

Other classes of graphs which are likely to have concise 
solutions are regular graphs of arbitrary degree, which have 
meopeciflied Structure such as the infinite graphs studied 


here, 
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